Image interpolation is a special case of image superresolution, where the low-resolution image is directly downsampled from its high-resolution counterpart without blurring and noise. Therefore, assumptions adopted in super-resolution models are not valid for image interpolation. To address this problem, we propose a novel image interpolation model based on sparse representation. Two widely used priors including sparsity and nonlocal self-similarity are used as the regularization terms to enhance the stability of interpolation model. Meanwhile, we incorporate the nonlocal linear regression into this model since nonlocal similar patches could provide a better approximation to a given patch. Moreover, we propose a new approach to learn adaptive sub-dictionary online instead of clustering. For each patch, similar patches are grouped to learn adaptive subdictionary, generating a more sparse and accurate representation. Finally, the weighted encoding is introduced to suppress tailing of fitting residuals in data fidelity. Abundant experimental results demonstrate that our proposed method outperforms several stateof-the-art methods in terms of quantitative measures and visual quality.
I. INTRODUCTION
I MAGE interpolation is a fundamental problem in image processing, aiming to reconstruct a high resolution image from its down-sampled observation. It has wide applications in the fields of digital photography, satellite remote sensing, medical imaging and polarization imaging.
The simplest approach to reconstruct high resolution images is based on liner interpolation including Bilinear, Bicubic and Cubic-spline [1] - [3] . However, these methods estimate each missing pixel from its local neighborhood using weighted average and tend to generate artifacts in high-resolution images. To better preserve image details, more complex algorithms based on natural images priors are proposed [4] - [12] . These methods generally produce better interpolation results than liner interpolation methods. NEDI [4] is the representative edge-guided interpolation method. The local covariance coefficients from a low-resolution image are estimated firstly. Then, these coefficients are used to adapt the interpolation at high-resolution images based on the geometric duality. This method is based on the assumption of local stationarity of the covariance. However, this assumption is not completely valid and this method tends to generate artifacts in high-resolution images. The total variation model [9] - [12] is based on another prior, i.e. natural images have small first derivatives. Junchao Zhang is with School of Aeronautics and Astronautics, Central South University, Changsha 410083, China. (e-mail: junchaozhang@csu.edu.cn) Sparse representation has been successfully applied in the fields of image processing and computer vision [13] - [26] and it shows promising results. For image interpolation, coupled dictionaries are jointly learned from the low-and highresolution image patches in SCSR [17] . In this interpolation model, the low-resolution and high-resolution image patch pair share the same sparse representation with respect to their own dictionaries. Therefore, the sparse representation of a low-resolution image patch can be used to generate the corresponding high-resolution image patch. NARM [19] is another image interpolation method based on sparse representation. Nonlocal autoregressive model is embedded in NARM and nonlocal self-similarity is used as regularization term. Besides, image patches are clustered and each class is encoded by an adaptive compact dictionary. Thus, good interpolated results rely on accurate clustering. However, to cluster image patches accurately is difficulty since the class number and sample number of each class are difficulty to set. Even though experimental results in [19] showed that NARM outperforms several previous methods including SCSR, this method produces spackle noise which is generated by inappropriate clustering. A new image interpolation scheme is proposed in [23] . Non-local self-similarity assumption is adopted and over-complete dictionary is learned in this sparse model. In recent years, deep convolutional neural networks [27] - [30] provides a new strategy for image interpolation.
In this paper, we propose a new image interpolation approach based on sparse representation. Since a given pixel can be well approximated by nonlocal neighbors, we propose the nonlocal linear regression model and incorporate it into the interpolation model. Meanwhile, image sparsity prior and non-local self-similarity prior are adopted to enhance the stability of interpolation model. Current sub-dictionary learned online by clustering is difficulty since the class number and sample number of each class are difficulty to set. Inadequate clustering will reduce the accuracy of sparse representation . To address this problem, we propose a new approach to learn adaptive sub-dictionary online instead of clustering. For each patch, its non-local similar patches are grouped to train the adaptive compact dictionary, generating a more sparse and accurate representation. Moreover, since the distribution of fitting residuals is irregular than Gaussian and it has heavy tails, we introduce weighted encoding into data fidelity to suppress tailing. Abundant benchmark images are used to evaluate the interpolation performance. Experimental results demonstrate that our proposed method outperforms several state-of-the-art methods in terms of quantitative measures and visual quality.
Our model is based on sparse representation, which is similar to NARM [19] , but our work is unlike NARM. Our contributions can be summarized as: (1) We propose a new approach to learn adaptive sub-dictionary. For each patch, its non-local similar patches are grouped to train the adaptive compact dictionary, generating a more sparse and accurate representation. (2) We incorporate nonlocal linear regression model into interpolation model. The nonlocal linear regression model is differnet with autoregressive model introduced in [19] . Only weighted average is used in the autoregressive model, but our model uses weights and bias, generating a closer approximation to a given pixel. (3) We introduce weighted encoding into data fidelity to suppress tailing of fitting residuals, which ensures that the distribution of fitting residuals is more like Gaussian and the 2 norm can be still used in the data fidelity term.
The rest of the paper is organized as : the proposed interpolation model is described in Section II detailedly. Section III presents experimental results and discussions. Section IV concludes the paper.
II. WEIGHTED ENCODING WITH NONLOCAL LINEAR

REGRESSION
Following the notations in [14] : for an image x, x i = R i x denotes the i th patch vector and R i denotes an extracting matrix. Given a dictionary Φ, the sparse representation of x i over dictionary Φ is: x i = Φα i , where α i is the sparse coding coefficient with a few non-zero entries. · 0 denotes the pseudo-norm that counts the number of non-zero entries in a vector.
A. Image interpolation with nonlocal linear regression
For image interpolation, it is assumed that a low-resolution image y ∈ R M is directly down-sampled from its highresolution image x ∈ R N , as formulated by Eq. (1):
Where D ∈ R M ×N is the down-sampled matrix and N = l 2 · M with the sampling factor l along the horizontal and vertical dimensions. According to sparse representation theory, the image interpolation problem can be transformed to minimize the following model:
Where R(·) is the regularization term and λ is the regularization parameter. To improve the above model, we incorporate nonlocal linear regression into it. For nature images, the local linear regression model [6] , [7] is used according to image local redundancy. However, the image local redundancy is inadequate to reconstruct image structures in high precision.
Fortunately, nature images often have a rich amount of nonlocal similar patterns. These nonlocal similar patterns may be spatially either close to or far from each other. Therefore, we can establish nonlocal linear regression model using image nonlocal redundancy. For each patch x i of size p × p, we can get its similar patches in a large enough local window of size L × L. A patch x k i is selected as a similar patch to x i if the Euclidean distance between them is not greater than the preset threshold. In fact, we can get the first m most similar patches, denoted by
We define the nonlocal linear regression model between x i and X as:
Where a i and b i are the weight vector and bias respectively, and < · > is the inner product. We denote
can be rewritten as:
Because the weight vector ω i is used to estimate the center pixel x i of patch x i , the weight for each dimension should be different. The closer to the center pixel, the greater the weight.
Here we give a simple kernel function to determine the weight as:
Where x j represents neighbor pixels in a window of p × p and d(x i , x j ) represents the distance between x i and x j . Thus, the weight vector ω i can be determined by solving the following regularized minimization problem:
where κ = diag(κ(x i , x j )), χ is the regularization parameter and used to avoid overfitting. The solution of Eq. (6) can be obtained by setting the derivative to zero.
Then, we can get the representation of nonlocal linear regression model with h i,j = ω j i :
Where e is the modeling error. We incorporate the above model into image interpolation model, the Eq. (2) can be rewritten as:
B. Regularization terms
To solve the model formulated in Eq. (9), two widely used priors including image sparsity and non-local self-similarity are used as the regularization terms. The sparsity of coding coefficient α i can be characterized by α i 0 [14] , [15] , [31] , [32] . Non-local self-similarity prior refers to the fact that a local image patch often has many non-local similar patches to it across the image for natural images. These non-local similar patches may be spatially either close to or far from this patch. This prior has been successfully adopted in various applications of image restoration [19] , [20] , [22] , [33] - [35] .
For each patch x i of size p × p, we can get its first t most similar patches by calculating the Euclidean distance between them. After we get the similar patches, denoted by
. , x t i }, these similar patches can be used to estimate
x i by weighted average:
where h 1 is a preset scalar and h 2 is a normalization factor. For a given dictionary Φ i , we can get the sparse representations of patch x i and prediction x i , i.e. x i = Φ i α i and x i = Φ i β i . This two sparse representations should be as close as possible. In other words, the difference between α i and β i should be as smaller as possible. Then, image sparsity prior i α i 0 and nonlocal self-similarity prior i α i − β i 2 2 are integrated into the above model. The interpolation model can be described as following:
Where K is the patch number partitioned from the image x and η is the regularization parameter. Since the reweighted p norm can enhance the sparsity and get a better solution [36] , the reweighted strategy is integrated into the above model:
Where α i,j , β i,j are the j th element of vectors α i and β i respectively.
C. Adaptive dictionary selection
The selection of dictionary plays an important role in the reconstruction of a signal. Lots of researches have shown to learn a universal and over-complete dictionary [14] - [17] . However, this dictionary is not effective and optimal because many atoms are irrelevant to a given local patch. Adaptive subdictionaries are adopted in [18] - [21] . There are two methods to train sub-dictionaries: pre-trained and online trained. Abundant high-quality images are needed for pre-trained dictionaries. However, pre-trained dictionaries are not always valid if they are irrelevant to the content of a given patch. Online trained sub-dictionaries in [19] refers to that image patches are clustered and a PCA sub-dictionary is trained for each class. However, the class number and sample number of each class are difficulty to set. Inadequate clustering will reduce the accuracy of sparse representation, leading to the inaccuracy of reconstructed signals.
In this paper, we propose a new sub-dictionary trained method. As described in non-local self-similarity priors, for each patch x i , we can get its similarity patches in a large enough local window. A patch x k i is selected as a similar patch to x i if the Euclidean distance between them is not greater than the preset threshold. All similar patches are sorted by the Euclidean distance in ascending order. We choose the first n patches as training samples to train a PCA sub-dictionary. The term n should be large enough to guarantee a reasonable training.
These training samples are donated as
]. Next we calculate the covariance matrix of X i , denoted by C Xi . Finally we can get the adaptive PCA sub-dictionary Φ i of the patch x i by calculating the eigenvalue decomposition of C Xi :
Where Q is the eigenvector matrix and C Xi = QΣQ T . In fact, these adaptive PCA sub-dictionaries form an over-
For a given patch x i , the adaptive dictionary Φ i is selected to code x i . This makes the sparse coding coefficient of x i over the rest sub-dictionaries be zero, leading to a very sparse representation of x i . So our method will ensure the sparsity of coding coefficient and the sparse regularization term can be removed. Thus, over adaptive sub-dictionaries, the image interpolation model can be described as:
D. Weighted encoding
Here we discuss the 2 norm data fidelity term y − DHx 2 2 in order to get a better solution of Eq. (13). Since the 2 norm is optimal for Gaussian distribution, a non-Gaussian distribution of fitting residuals (y−DHx (s) ) will not produce an optimal solution, where x (s) is the estimation value of x in the s th iteration and it can be obtained by x (s) = Φ α. Here we use an example to investigate the distribution of fitting residuals on image House. Fig. 1 (b) , one can see that the distribution of fitting residuals doesn't follow regular Gaussian distribution and it has a tail. Thus, using the 2 norm to characterize the data fidelity term is not optimal. In order to weaken the effect of tail, we can modify the fitting residual by assigning a proper weight so that its distribution can be more like Gaussian distribution. Then the 2 norm can be still used to characterize the data fidelity term. The fitting residuals can be used to guide the setting of weights because tail exists at high residuals. Thus, the weights should be inversely proportional to the fitting residuals. Hereby we give a simple and effective choice of weights w as:
Where c 1 is positive controlling constant and represents component-wise multiplication. Figure 1 (c) shows the distribution of weighted residuals in log domain. We can see that the distribution of weighted residuals is more like Gaussian distribution, which will guarantee that the 2 norm can be still used in the data fidelity term. Then the model formulated in Eq. (13) can be modified as:
E. Interpolation Algorithm
Given a current estimate of image x, the weighted encoding matrix W and the sparse representation α i can be updated in the next iteration. Then, the updated W, α i and dictionary Φ are in turn used to update the estimate of image x. Such an iteration is stopped until a stopping rule is met.
For a given x, the Eq. (15) can be rewritten by only retaining the components related to α i as:
This is a quadratic problem and we can get a close-form solution by setting ∂J/∂ α i = 0.
After obtaining sparse representations, the image x can be optimized by minimizing the following function:
To solve the above optimization problem, the Augmented Lagrange Multiplier [37] , [38] algorithm can be used. The augmented Lagrangian function can be defined as:
We can get the estimate x (s+1) of image x in the s th iteration by setting ∂L/∂x = 0.
) and µ (s+1) = t·µ (s) with a constant t > 1. Here, the overall interpolation algorithm is summarized in Algorithm 1. 
according to the weight assigned strategy described in [35] .
5.
Update 
III. EXPERIMENTAL RESULTS
In all experiments, the size of an image patch is set to 5 × 5 pixels and the controlling constant c 1 is set to 0.006. Ten benchmark images shown in Fig. 2 are used to evaluate the interpolation performance. These benchmark images are down-sampled firstly. Then low-resolution images are interpolated to generate high-resolution interpolated images that are compared with benchmark images in terms of quantitative measures and visual quality. The PSNR, SSIM [39] and FSIM [40] are used as quantitative evaluation criterions. We compare our proposed method with several state-of-the art image interpolation methods including: NEDI [4] , DFDF [5] , and sparse representation based methods including SME [7] , SCSR [17] and NARM [19] . All the source codes are downloaded from the homepage of the corresponding authors.
Interpolated foreman images with the upscaling factor of 2 are shown in Fig. 3 . The Bicubic method generates severe artifacts along edges. Those edge based methods including NEDI and DFDF produce better interpolated results and weaken artifacts, but these methods can't remove artifacts effectively because it is difficulty to estimate the edge direction from lowresolution images. The SME and SCSR methods work much better in preserving edges than edge based methods. However, these methods still can't generate sharp edges and the SCSR method produces phantom artifacts along edge. The NARM produces a better interpolated results than above methods and it preserves image edges. However, the learned dictionaries are based on clustering in this method and inappropriate cluster generates spackle noise as shown in Fig. 4 . In our method, similar patches are grouped to train adaptive dictionaries instead of clustering, producing a more sparse and accurate representation. This guarantees that our method can produce much better results as shown in Fig. 3(h) . For better view spackle noise, the cropped portions of foreman image are shown in Fig. 4 . One can see that there are severe spackle noise in teeth and ears. Our proposed method produce more clean results while preserving edges. Interpolated house and lena images with upscaling factor of 2 are shown in Fig. 5 and Fig. 6 respectively. We can see that our proposed method produce much better results than other methods. Our method can reconstruct more clean images while preserving edges such as eaves in Fig. 5 and brims of a hat in Fig. 6 .
More interpolated results obtained with upscaling factor of 2 by different methods are list in Table I . The PSNR, SSIM and FSIM results are included in Table I . For each image, from top to bottom are PSNR, SSIM and FSIM values. The bold number is the best result in each row. We can see that our method achieves higher PSNR, SSIM and FSIM for most benchmark images, which demonstrates that our method is superior to other methods in terms of quantitative measures.
We also conduct experiments with upscaling factor of 3. Since NEDI, DFDF, SME methods are designed for upscaling factor of 2 n , we just compare our proposed method with Bicubic, SCSR and NARM algorithms. The cropped portions of interpolated images with upscaling factor of 3 are shown in Fig. 7 and quantitative measures are list in Table II . For Leaves image, we can see that the Bicubic method generates severe artifacts. The SCSR method can weaken artifacts, but it can't generate sharp edges while reconstructing severe phantom. The NARM method is better than the first two methods. However, our proposed method preserves edges better such as in the red rectangle region. For Parrot image, the NARM produce much smooth results than ours, but it has lower PSNR and FSIM values. According to results list in Table II , one can see that our proposed method achieves higher PSNR, SSIM and FSIM for most benchmark images, which demonstrates that our method is superior to other methods in terms of quantitative measures.
IV. CONCLUSION
In this paper, we propose a novel image interpolation model based on sparse representation. In order to improve interpolation model, we incorporate nonlocal linear regression into it and adopt nonlocal self-similar prior as the regularization term. Besides, we propose a new approach to learn adaptive subdictionaries, which ensure that coding coefficients more sparse and accurate. Moreover, we introduce weighted encoding into data fidelity to suppress tailing of fitting residuals. Abundant 
